In this study, vibration behavior of orthotropic cylindrical shells with variable thickness is investigated. Based on linear shell theory and applying energy method and using spline functions, free vibration relations are derived for shell with variable thickness and curvature. Frequency parameter and mode shapes are found after solving the frequency Eigenvalue equation. Effects of variable thickness along axial and circumferential directions of the shell on its frequency parameter are studied and compared against each other. Shell thickness is assumed to be varied in a parabolic profile along both directions. Also, frequency parameters for both circular and parabolic curvatures along circumferential direction are investigated and results are compared together. In addition, effect of variable thickness on the mode shapes is studied.
INTRODUCTION
Cylindrical (open) shells with either circular or noncircular profiles have been widely used in recent years, as structural elements within marine, civil, aerospace, and petrochemical industries. In addition, because of inherent difficulties in assembly of shells with circular profile, noncircular profile is preferred in constructing cylindrical shells. Vibration behavior of cylindrical shells with circular profile is different than that of cylindrical shells with noncircular profile.
Variation of the thickness in a cylindrical shell leads to decrease of its structural weight besides reducing cost of needed materials. Moreover, natural frequency of the shell changes as a result of its variable thickness. Therefore, vibration analysis of the shells with variable thickness has attracted the attention of many researchers in recent years. Zhang et al. (2001) and Pellicano (2007) studied vibration behavior of the shells incorporating circular profile and uniform thickness. A few other researchers have also studied vibration response of noncircular shells, among them are Srinivasan and Bobby (1976) , Cheung and Cheung (1972) and Yamada et al. (1999) .
Vibration response of flat plates with variable thickness has also been addressed by Huang et al. (2005 Huang et al. ( , 2007 , Ashour (2001) , Sakiyama and Huang (1998) , Grigorenko et al. (2008) . On the other hand, Sivadas and Ganesan (1991) , Zhang and Xiang (2006) , Duan and Koh (2008) investigated vibration response of the closed shells having circular profiles and variable thickness. Their investigations were limited to the effects of variable thickness in one direction (either axial or circumferential) on vibration behavior of the shells. Later, Grigorenko and Parkhomenko (2011) studied free vibration of shallow shells having parabolically-variable thickness with the aid of spline-collocation approach. The effects of variable thickness on the vibration behavior of closed elliptical cylindrical shells and closed oval cylindrical shells have been studied by Suzuki and Leissa (1985) and Khalifa (2011) , respectively.
Open parabolic cylindrical shell with variable thickness is considered as the main geometry in the present study. As it was shown, very few research works have been performed on such structures. In addition, vibration response of parabolic cylindrical shells and circular cylindrical shells are compared against each other's. As it was mentioned earlier, most of the previous works studied the effects of thickness variation in one direction on the vibration response of the shells. Therefore, a thorough study on the effects of direction of thickness variation on the vibration response of a shell is lacked herein. Present work is aimed at study of vibration response for both parabolic shells and circular shells having variable thickness in either axial direction or circumferential direction. On the other hand, analytical solutions cannot be simply reached for assessment of vibration response of the shells when both radius and thickness are subjected to variation. Thus, numerical approaches as well as approximate methods may be used to investigate the vibration response of these types of the shells. Techniques based on spline functions are among numerical methods that are useful in solving structural problems. In the present work, a relatively simple discrete method incorporating spline functions introduced already by Cheng and Chuang (1990) and Cheng et al. (1987) for shell and plate with uniform thickness and uniform curvature; is further extended to be able to analyze free vibrations of circular/noncircular cylindrical shells with variable thickness.
The aims of present work are: (1) to extend discrete method based on the concept of spline functions for studying vibration behavior of parabolic and circular cylindrical shells with non-uniform distribution of thickness and to prove its efficiency and accuracy, (2) to evaluate the effects of thickness variation along the axis of the shell on its natural frequency in comparison with those of thickness variation along the circumference of the shell on its natural frequency, (3) to compare natural frequency of cylindrical shells having circular profile with that of cylindrical shells having parabolic profile; and finally, (4) to investigate the effects of thickness variation on the mode shapes of the shells.
THEORY AND FORMULATIONS
Since thickness of the shell is small compared to its other dimensions, the shell is regarded to be thin. Consequently, classical shell theory based on Kirchhoff-Love assumptions is used to extract governing equations.
Geometric formulation
The main geometry under consideration in this work is a cylindrical shell with an either circular or parabolic profile. Both circular and parabolic profiles can be defined by two parameters including camber (C) and span (b), Figure 1 . Geometrical relations for circular and parabolic profiles are given in Table 1 . Figure 2 shows a shell with a parabolic profile in the curvilinear coordinate system (xsz). z-axis is perpendicular to the middle surface of shell defined by x-s plane. x-axis is along axis of the cylinder, while the s-axis is along circumference of the cylinder. Displacement functions along x-axis, s-axis and z-axis are respectively represented by U(x,s), V(x,s) and W(x,s). Lame's parameters for this type of shell in the curvilinear coordinate system are equal to one according to Soedel (1993) . and displacement functions (Soedel (1993) 
Row matrices ( )
û are cubic B-spline and fifth-order B-spline matrices, respectively.
Column matrices { } A , { } B and { } C are unknown coefficients of the displacement functions in Equation 1. Also, N is the number of divisions along x or s axes. The operator Ä is the 'Kronecker product' of the matrices. Formulations of row matrices and also column matrices are given below 
B i sameas
Standard cubic spline is expressed as 
According to Cheng et al. (1987) , cubic B-spline functions (B 3 ) for N equal divisions (N>4) are x i , i 3, 4, 5 , N 3 h Expression for the standard fifth-order spline is 
Again, according to Cheng et al. (1987) , fifth-order B-spline functions (B 5 
where, for cc boundary condition (clamped edges at x=0, x=L) 
And for ss boundary condition (simply supported edges at x=0, x=L) 
Mass and stiffness matrices
Extracted relations in this section are valid only for a shell with a general geometry.
Mass matrix
Kinetic energy of a shell with variable thickness can be expressed in the following form
where, shell r is density, is thickness function of shell, U, V and W are displacement functions of the middle surface of shell. Also,
, where { } A , { } B and { } C are unknown coefficients of displacement functions. M é ù ë û is also mass matrix. After substituting the displacement functions (Equation 1) into the Equation 7 and taking numerical integration, the mass matrix is obtained by equation 8. This mass matrix is for a shell with variable thickness in x-direction. Through replacing x by s, the mass matrix for a shell with variable thickness in s-direction can be easily obtained.
Stiffness matrix
Strain energy for a shell with a general geometry can be written as follows
where, the strain vector is { } ε ε ε γ χ χ χ 
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After substituting displacement functions from the Equation 1 into the Equation 9 and taking an integration of it, components of stiffness matrix are obtained as follows 
Some matrices are available in the list of the elements in the formulations of mass and stiffness matrices, which are called as spline matrices. Some of these spline matrices have been already derived by Cheng et al. (1987) , while other spline matrices representing the effect of variable radius and thickness are extracted herein. Formulations of all spline matrices are presented in Table 2 and  Table 3 .
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Through replacing x by s in these relations, spline matrices in s direction can be obtained. Table 2 : Spline matrices used in this study and also the study of Cheng et al. (1987) .
Frequency equation
Total potential energy for free vibration of a shell is expressed as follows Substituting mass and stiffness matrices into the above equation and using the Hamilton's principle, following form of the frequency equation is obtained.
Equation 12 is of eigenvalue type in which the eigenvalues represent the natural frequencies. Unknown coefficients of displacement functions create the eigenvectors. Solving the Equation 12 will result in the frequencies and corresponding mode shapes.
NUMERICAL EXAMPLES AND DISCUSSIONS
Based on derived formulations in the previous section, a code was written in the MATLAB environment in order to calculate the natural frequencies and also corresponding mode shapes.
Verification of present method
Accuracy of presented formulations is investigated in this section in order to demonstrate its ability to analyze free vibration of both parabolic and circular cylindrical shells with either uniform or variable thickness. A comparison between natural frequencies for a circular cylindrical shell having a uniform thickness as obtained by the present method and also by Srinivasan and Bobby (1976) is given in Table 4 . It should be mentioned that Srinivasan and Bobby (1976) used Rayleigh-Ritz and matrix methods in their work. On the other hand, natural frequencies as obtained by the present method and the method developed by Cheung and Cheung (1972) are provided in Table 5 for a parabolic cylindrical shell with a constant thickness. Cheung and Cheung (1972) used strip method to extract relations for vibration analysis of a cylindrical shell with parabolic profile. In Table 6 results of the present method have been compared with those of Huang et al. (2005) who used dis-
Through replacing x by s in matrices, spline matrices in s direction can be obtained. crete method in combination with Green's function to obtain natural frequency solution for flat plates with variable thickness in one direction. Table 7 shows frequency parameters for a shallow shell with rectangular platform that its thickness varies parabolically in one direction (Grigorenko and Parkhomenko (2011) Table 4 : Natural frequencies (Hz) for a circular cylindrical shell model (Srinivasan and Bobby (1976) Table 5 : Natural frequencies (Rad/sec) for a parabolic cylindrical shell model (Cheung and Cheung (1972) 
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Vibration analysis
In this section, vibration of circular and parabolic cylindrical panels having variable thicknesses along their circumferences or axes is studied. Three sets of the models with circular profile and also three more sets of the models with parabolic profile are constructed. Besides, each set has two subsets of the models with variable thicknesses. One subset is corresponding to the models having variable thicknesses along their circumferences (represented by MNs), while the other subset is including the models with variable thicknesses along their axes (represented by MNx). For each of the subsets, three cases for the boundary conditions are considered. General characteristics for all investigated models are introduced in Table 8 . Variation of frequency parameter against thickness parameter α is presented in Tables 9-11 for the case of circular models. Frequency parameter for the models having a variable thickness along their axis varies in a manner completely reverse to that of the models having variable thickness along their circumference for the BC1 boundary conditions.
( ) ( ) In addition, it is observed that variation of first frequency parameter against the thickness parameter is linear upwards or downwards for both of the models having variable thickness along their axis or circumference for the BC1 boundary conditions.
( ) Tables 9 to 11 show the variation of frequency parameter against thickness parameter for circular cylindrical shells, when their boundary conditions are of BC2 or BC3 types. In comparison with the results explained for the case of the BC1 boundary condition, the frequency parameter varies at the same manner against thickness parameter for the models having variable thickness along their axis and the models having variable thickness along their circumference, when the boundary conditions are of either BC2 or BC3 types.
From the results summarized in Tables 9 to 11 , it is observed that with increase in the value of C/b for the models, frequency parameter is also increased. In Tables 12 to 14 , variation of frequency parameter against thickness parameter (α), for parabolic models is presented. Similar to the results for circular models, it is observed herein also that with any increase in the value of C/b for the models with parabolic profile, frequency parameter increases. The tendencies of the variation of frequency parameter for the models having parabolic profile are the same as those for the models having circular profile. Nevertheless, frequency parameter for the parabolic models is greater than that for the circular models, as confirmed also in Cheung and Cheung (1972) . From the obtained numerical results, the following observations can be summarized:
 With increase in C/b (b is constant and C varies), frequency of all models (circular and parabolic profiles) is increased. With increase in C/b, arc length of both profiles will increase, and then weight of models increases. In addition, the increase of camber (C) will decrease radius of curvature of shells. Increase in the weight of the models decreases the natural frequency and also decrease of the radius of curvature increases the natural frequency of models. Therefore, effect of the change in the curvature on the natural frequency is greater than the effect of change in the weight for studied models. The tendencies of variation of frequency parameter are the same for both circular and parabolic models. Nevertheless, for the models with the same values of C/b, the natural frequency in case of parabolic curvature is greater than that in case of circular curvature. This phenomenon may be due to the facts that; (1) local stiffness of parabolic models is greater than local stiffness of circular models and (2) weight of circular models is greater than parabolic models with the same C/b (because the arc length of circular profile is greater than the arc length of parabolic profile).  Effect of thickness variation along both directions on the natural frequency is studied. It was aimed to find out the difference between effect of thickness variation along direction with zero curvature (x direction) and effect of thickness variation along direction with nonzero curvature (s direction). It is observed that for the case of BC1 boundary condition, the frequency parameter variation for the models with variable thickness along their axis is in opposite tendency compared with the models having variable thickness along their circumference.  Effect of boundary condition on natural frequency is studied for three cases. It can be seen that the effect of boundary condition on natural frequency is greater than the effect of variable thickness on natural frequency. Models with BC1 boundary condition have largest natural frequency and models with BC2 boundary condition have lowest natural frequency. In addition, boundary condition changes the manner of frequency parameter variation against the thickness parameter. For example, for the BC1 type of boundary condition, frequency parameter varies linearly against thickness parameter but for the BC2 and BC3 types of boundary condition, frequency parameter varies nonlinearly against thickness parameter.
Effect of variable thickness on the mode shapes
Eigen vectors of the Equation 13 are unknown coefficients of the displacement functions. By finding these unknown coefficients, the relevant mode shapes can be plotted. The effect of thickness parameter on the first four mode shapes is studied herein for the models M5s and M5x (both models have parabolic profiles). Figure 3 shows the effect of thickness parameter on the first four mode shapes for the model M5x (the parabolic cylindrical shell with variable thickness along x axis). In general, for the first and third modes, the mode shapes visually are similar to each others for different values of the thickness parameter. For negative (-) and positive (+) values of the thickness parameter ( ), the second and fourth modes have equal numbers of half waves but the way the half waves are appeared is opposite. Figure 4 shows the effect of thickness parameter on the mode shapes for the M5s model (the parabolic cylindrical shell with variable thickness along s axis). As can be observed, the thickness parameter does not have any significant effect on the mode shape for M5s model. An approximate analysis method for investigating the free vibration behavior of circular and parabolic cylindrical shells having variable thickness along their axis or circumference is presented. A finite element method based on B-spline functions is further extended to find out the natural frequencies and corresponding mode shapes for the cylindrical shells with variable radii of curvature and non-uniform thicknesses. Usefulness and accuracy of the present method is demonstrated through comparison of the results for a variety of cases. It is observed that frequency parameter for circular models vary in the same way against thickness parameter as that for parabolic models. Moreover, natural frequency of cylindrical models with a parabolic profile is slightly greater than that of cylindrical models with a circular profile.
